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$M$ Hilbert von Neumann , ,
$\tau$ . , $N$ $M$ von Neumann . Pimsner-Popa
$M$ $N$ $H(M|N)$ Connes-Stormer [CS]
. .
$E_{N}^{M}$ $M$ $N$ \mbox{\boldmath $\tau$}-preserving $M^{+}$
$h_{N}^{M}(x)$ .
$h_{N}^{M}(x)=\tau\eta E_{N}^{M}(x)-\tau\eta(x)$ for $x\in M^{+}$
$\eta$ $\eta(t)=-t\log t(t>0),$ $\eta(0)=0$ . $S(M)$
$M$ . , $\cdot$
$S(M)=$ { $\Delta=(ae_{i})_{i\in I}$ ; $x:\in M^{+},$ $\sum_{:\in I}x_{i}\leq 1$ $I$ }.
. $S(M)$ $\Delta=(x_{i})_{i\in I}$ $H_{\Delta}(M|N)$ .
$H_{\Delta}(M|N)= \sum_{*\in I}h_{N}^{M}(x:)$
$M$ $N$ $H(M|N)$
$H(M|N)= \sup\{H_{\Delta}(M|N) ; \Delta\in S(M)\}$
.
Pimsner-Popa $M$ $II_{1}$ , $N$ $M$ ,
$H(M|N)$ Jones [PP1].
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[pp2], $[PP3],[PO]$ (Basic Construction, fundamental construction)
.






$Z(M)\cap Z(N)$ $(p:)_{i1}^{n_{=}}$ ( $\sum_{:}^{n_{=1}}p;=1$ ) ,
$H(M|N)= \sum_{i=1}^{n}\tau(p:)H(M:|N_{i})$ ,
. , $M$: (resp. Ni) $P$: $M(resp. N)$ von Neumann
$H(M:|N:)$ $M$: $\tau:(\cdot)=\tau(\cdot)/\tau(p_{i})$
.
, . $M$ , $N$
$Z(M)\cap Z(N)$ $Z$ . von Neumann
$M$ $Z$ $(\Gamma, \mu)$ \mbox{\boldmath $\mu$} von Neumann $-$
$\gammaarrow M(\gamma)$ $\gammaarrow N(\gamma)$ , , , $M(\gamma)$
$\gammaarrow\tau^{\gamma}$ . , $M$ $\int_{\Gamma}^{\oplus}M(\gamma)d\mu(\gamma)$ $N$ $\int_{\Gamma}^{\oplus}N(\gamma)d\mu(\gamma)$ ,
$\tau(z)=\int_{\Gamma}\tau^{\gamma}(x(\gamma))d\mu(\gamma)$ for $x= \int_{\Gamma^{\oplus}}x(\gamma)d\mu(\gamma)\in M$ .
. $\mu$-almost all $\gamma\in\Gamma$ $H(M(\gamma)|N(\gamma))$ $\tau^{\gamma}$
.






, $\mu$- $M(\gamma)$ $N(\gamma)$ $\tau-$ $\gammaarrow E^{7}$
(1) $E_{N}^{M}(x)= \int_{\Gamma^{\oplus}}E^{7}(x(\gamma))d\mu(\gamma)$ for $x= \int_{\Gamma^{\oplus}}x(\gamma)d\mu(\gamma)\in M$
. .
(2) $h_{N}^{M}(x)= \int_{\Gamma}h_{N(7)}^{M(\gamma)}(x(\gamma))d\mu(\gamma)$ for $x= \int_{\Gamma^{\oplus}}x(\gamma)d\mu(\gamma)\in M$
, $\Delta\in S(M)$ $\gammaarrow H_{\Delta(7)}(M(\gamma)|N(\gamma))$ $\mu$-
(3) $H_{\Delta}(M|N)= \int_{\Delta}H_{\Delta(\gamma)}(M(\gamma)|N(\gamma))d\mu(\gamma)$
. , . , von Neumann
$M\supset N$ $n$
$S(M;n)= \{\Delta=(x_{i})_{:\in J}^{n}\in\vee M\cross\cdots\cross M ; 0\leq z_{i}\leq 1, \sum^{\iota}x_{i}\leq 1\}$
$n$ times $i=1$
$H_{n}(M|N)= \sup\{H_{\Delta}(M|N) ; \Delta\in S(M;n)\}$
. , $Mx\cdots\cross M$ $M$ , $S(M;n)$
. $M^{+}\ni xarrow h_{N}^{M}(x)$ $S(M;n)\ni\Deltaarrow$
$H_{\Delta}(M|N)$ . , . , $H_{n}(M|N)\leq\log n$
(4) $H_{n}(M|N)\leq H_{n+1}(M|N)$ $H(M|N)= \lim_{narrow\infty}H_{n}(M|N)$
. $\gammaarrow M(\gamma)$ $\{y_{h}(\gamma);k=1,2, \cdots\}$ $M(\gamma)$
$\mu$
- $M$ $\gammaarrow y_{1}(\gamma),$ $\gammaarrow y_{2}(\gamma),$ $\cdots$ .
$S(M;n)$ $\{\Delta_{k}\}_{k1}^{\infty_{=}}$ $\Gamma$ Borel $\Gamma_{n}$ $\mu(\Gamma\backslash \Gamma_{n})=0$ $\{\Delta_{h;}k=1,2, \cdots\}$
3
1?
$S(M;n)$ , $\{\Delta_{h}(\gamma);k=1,2, \cdots\}$ $S(M(\gamma);n)$
. $\Deltaarrow H_{\Delta}(M|N)$
(5) $H_{n}(M|N)= \sup\{H_{\Delta_{h}}(M|N) ; k=1,2, \cdots\}$ ,
(6) $H_{n}(M( \gamma)|N(\gamma))=\sup\{H_{\Delta_{k}(\gamma)}(M(\gamma)|N(\gamma)) ; k=1,2, \cdots\}$ for $\gamma\in\Gamma_{n}$
.
\gamma \rightarrow H\Delta &(7)(M(\gamma )IN(\gamma )) $k=1,2,$ $\cdots$ ,
\Gamma \pi $\ni\gammaarrow H_{n}(M(\gamma)|N(\gamma))$ . (3)
(7) $H_{n}(M|N) \leq\int_{\Gamma}H_{n}(M(\gamma)|N(\gamma))d\mu(\gamma)$ .
.
. $\epsilon>0$ $k=1,2,$ $\cdots$
$B_{k}=\{\gamma\in\Gamma ; H_{\Delta_{k}(\gamma)}(M(\gamma)|N(\gamma))\geq H_{n}(M(\gamma)|N(\gamma))-\epsilon\}$
, $B_{k}$ $\Gamma$ (6) $\bigcup_{k1}^{\infty_{=}}B_{h}=r_{n}$ . $\Gamma$
$\{E_{k}\}_{h=1}^{\infty}$
$E_{1}=B_{1},$ $E_{2}=(\Gamma_{n}\backslash E_{1})\cap B_{2},$ $\cdots E_{h}=(\Gamma_{n}\backslash \bigcup_{:=1}^{h-1}E:)\cap B_{n},$ $\cdots$
. , $r$ $E_{h}$ $Z$ $p_{k}$ \Sigma k\infty$=1p_{k}=1$
.
$\Delta=\sum_{k=1}^{\infty}\Delta_{k}p_{k}$















$M$ , $N=C\cdot 1$ ( $M$ )
. $M$ , $\{p:\}:\in I$ .
$H(M| C)=\sum_{i\in I}\eta\tau(p:)$
. , $M$ $p$
, $\lambda=\tau(p)$ $\lambda>0$ . $n$ $\tau(p_{i})=\lambda/n(i=$
$1,2,$ $\cdots n$ ) $,$ $\tau(p_{n+1})=1-\lambda$ \Delta $=(p:)_{i=1}^{n+1}$ .
$H(M|C)\geq H_{\Delta}(M|C)\geq\lambda\log n$




, , 1 $M(\gamma)$ $N(\gamma)$ $\mu$ -almost a $\gamma\in\Gamma$
$Z(M(\gamma))\cap Z(N(\gamma))=C\cdot 1$ . $H(M|N)$
$Z(M)\cap Z(N)=C\cdot 1$ $M\supset N$ ,
, . $Z(M)\cap Z(N)=C\cdot 1$
( $(*)$ ) .
2. $M$ von Neumann , , , $\tau$
. $N$ $M$ von Neumann . , $M$ $N$
$E$ .
$(*)$ $E(x)=\tau(x)\cdot 1$ for $x\in Z(M)$ .
, .
(i) $H(M|N)<+\infty$ $Z(M)$ .
$(\ddot{u})Z(M)$ , $Z(M)$ $\{p_{i}\}:\in I$ , $\sum_{i\in I}p_{i}Np_{i}$ $L$
. $H(M|N)=H(M|L)+H(L|N)$ $H(M|L)= \sum_{i\in I}\tau(p:)H(M_{p_{i}}|N_{p_{i}})$ ,
$H(L|N)= \sum_{:\in I}\eta(\tau(p_{*}\cdot))$ .
(i). $(*)$ $E(Z(M))=C\cdot 1$
$H(Z(M)|C)\leq H(M|N)$ . , $H(M|N)<+\infty$
, $M$ $Z(M)$ .
(ii). $M$ $(i\in I)$ . $I=\{1,2, \cdots n\}$
$I=\{1,2, \cdots n, \cdots\}$ . $|I|=n$ $r_{i}=p_{i}(i\in I)$
, $|I|=+\infty$ $\gamma_{1}=p_{1},$ $r_{2}=p_{2},$ $\cdots r_{n-1}=p_{n-1},$ $r_{n}=1- \sum_{i=1}^{\pi-1}p_{i}$ .
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$M$ $\sum_{i1}^{\pi_{=}}r_{i}Mr_{i}$ $L_{n}$ [KYl,(ii) in Proposition 3.1, Remark 3.2]
(1) $H(M|N)=H(M|L_{n})+H(L_{n}|N)$ ,
(2) $H(M|L_{n})= \sum_{:=1}^{n}\tau(r_{i})H(M_{:}|N_{\tau:})$ ,
(3) $H(L_{n}|N)= \sum_{i=1}^{n}\eta\tau(r_{i})$
. $|I|=n$ , . $|I|=+\infty$ $H(M|N)<$
$+\infty$ . $\{L_{\pi}\}_{n=1}^{\infty}$ $M$ von Neumann $\bigcup_{n=1}^{\infty}L_{7\iota}$ $L$
[PP1, Proposition 3.4]
(4) $H(L|N)= \lim_{narrow\infty}H(L_{n}|N)$ ,
. (3),(4) $\eta$











. $H(M|L)$ 1 $H(M|N)<\infty$
.




2 $(\ddot{u})$ $Z(M)$ $\sum_{:\in I}p_{i}=1$ $\{p:\}_{i\in I}$
.
$(*)$ , $(*)$ $Z(M)\cap Z(N)=C\cdot 1$ ,
$|$ . .
$|$ (i) $N$ $M$ .
$1$
$(\ddot{u})M$ von Neumann .
$|$ $(\ddot{u}i)N$ $M$ $\alpha$ $M^{\alpha}$ . [KY2, Section
2].
$|$
2 $(i\in I)$ $M$ von Neumann
$|$
. N .
$M_{p:}$ . , $H(M|N)$ $M$
3. $M$ , $\tau$ . $N$ $M$ von
Neumann , .
(i) $H(M|N)<+\infty$ $N’\cap M$ . , $Z(N)$ .
$|^{(\ddot{u})}$ ( | = (
$|L$ )
$+HZ(N)$ ( $|’N^{\backslash }$ q,j}Hj\in (JM\mbox{\boldmath $\tau$}lL $\sum_{j\in J}j\in Jq_{j}Mq$ $L$$\eta\tau(q_{j}),H^{j}(L|N)=$




(i). , $N’\cap M$ , $N’\cap M$
$p$ $\lambda=\tau(p)>0$ . , $n$ $N^{l}\cap M$
$(p:)_{i=^{+_{1^{1}}}}^{\tau\iota}( \sum_{:=1^{1}}^{n+}p_{i}=1)$ $\tau(p_{i})=\lambda/n(i=1,2, \cdots n),$ $\tau(p_{n+1})=1-\lambda$
. $\{p_{1}, p_{2}, \cdots p_{n+1}\}’\cap M$ $B$ [PPl,Lemma 4.3] $M\supset B\supset N$
$H(M|N) \geq H(M|B)=\sum_{i=1}^{n+1}\eta\tau(p_{i})\geq\lambda\log n$
. , $n$ $H(M|N)=+\infty$ .
(ii). 2 $(\ddot{u})$ $J=\{1,2, \cdots n\}$ $J=$
$\{1,2, \cdots n, \cdots\}$ .
$\prime r_{j}=q_{j}$ $(j=1,2, \cdots n)$ if $|J|=n$ ,
$r_{1}=q_{2},$ $\cdot$ .. , $r_{n-1}=q_{n-1},$ $r_{n}=1- \sum_{j=1}^{\pi-1}q_{j}$ if $|J|=+\infty$
$\sum_{j}^{n_{=1}}\prime r_{j}Mr_{j}$ $L_{n}$ . , [KY1,Proposition 3.1 $(i)$ ]
(1) $H(M|N)=H(M|L_{n})+H(L_{n}|N)$ ,
(2) $H(M|L_{n})= \sum_{j=1}^{n}\eta\tau(r_{j})$ ,
(3) $H(L_{n}|N)= \sum_{j=1}^{n}\tau(r_{j})H(M_{j}|N_{j})$ .
. $|J|=n$ . [PP1, Lemma 4.3] $\eta$
(4)
$H(M|L)= \lim_{narrow\infty}H(M|L_{n})=\sum_{j\in J}\eta\tau(q_{j})$




, $M$ . $M$
I [PP1, Section 6] , $M$ $II_{1}$
.
4. $M$ $\Pi_{1}$ , $N$ $M$ von Neum$ann$ . $N’\cap M$ $C$
$C$ $A$ . $L=C^{l}\cap M,$ $B=A^{l}\cap M$ .
$M\supset B\supset L\supset N$ , .
(i) $H(M|N)=H(M|B)+H(B|N)$ .
$(\ddot{u})H(M|N)=H(M|L)+H(L|N)$ .
(i\"u) $C$ $Z(C)$ $\{f_{\chi}\}_{x\in X}$ . , $C_{f_{\chi}}$ $I_{d_{\chi}}$






$H(L|N)= \wedge\sum_{x\in X}\eta\tau(f_{\chi})+\sum_{x\in X}\tau(f_{\chi})\log[L_{f_{\chi}} : N_{f_{\chi}}]$
[:] Jones .
(i). $N$ $M$ , [PPl,Theorem 4.4]
$H(M|B)$ $H(B|N)$ . $N$
, 3 $N$ $M$
.
$(\ddot{u}i)$ . $C$ $C_{j_{\chi}}$ I , $L’\cap M=C$ $Z(C)=Z(L)$
. , $L_{f_{\chi}}$ . $M_{f_{\chi}}$ $N_{f_{\chi}}$
. $(L_{f_{\chi}})’\cap M_{j_{\chi}}=(L’\cap M)_{f_{X}}=C_{f_{\chi}}$ $I_{d_{\chi}}$





$(N_{f_{\chi}})^{l}\cap L_{f_{\chi}}=(N^{l}\cap L)_{f_{\chi}}=(C’\cap C)_{f_{\chi}}=Z(C)_{f_{\chi}}=C\cdot 1$
[PP1, Corollary 4.6]
(2) $H(L_{f_{\chi}}|N_{f_{\chi}})=\log[L_{f_{\chi}} : N_{f_{\chi}}]$
.
(a) 3 $M \supset\sum_{x\in X}f_{\chi}Mf_{\chi}\supset L$ (1) . (b)
, 2 $L \supset\sum_{x\in X}f_{\chi}Nf_{\chi}\supset N$ (2) . ,
$Z(N)\subset Z(L)$ , 1 $N$
.
(ii). $H(M|N)<+\infty$ , 3 (i) $C$ . ,
(iii) [PP1,Theorem 4.4] . , $H(M|N)=+\infty$
2 .
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